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Abstract

A new distance measure called ‘Value-Ambiguity interval distance’ associated
with approximations of fuzzy numbers is proposed. A distinct approach for
ranking fuzzy numbers with the aid of this measure is introduced. Also some
more results related on properties of ordering using this measure are obtained.
Relevant numerical illustrations are also included to justify the proposed notion.
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1. Introduction

In many applications, ranking of fuzzy numbers is an important component of the
decision process. In addition to a fuzzy environment, ranking is a very important
decision making procedure.

In [1], Delgado et al. described the canonical representation of fuzzy numbers.
Kaufmann and Gupta [5] introduced the fuzzy arithmetic theory and applications.
In [2] Gonzalez employed the concepts of a study of the ranking function
approach through mean values. In [7] Saade and Schwarzlander, evaluated
ordering fuzzy sets over the real time, an approach based on decision making
under uncertainty. In [10], Yager investigated the procedure for ordering sub sets

of the unit interval.
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In [3, 4] Grzegorzewski proposed an approach of trapezoidal approximations of
fuzzy numbers with restriction on the support and core; he also studied new
algorithms for trapezoidal approximation of fuzzy numbers preserving the
expected interval. In [6] Nagoorgani and Stephen Dinagar studied a new
representation of piecewise quadratic fuzzy number using close interval
approximations. Stephen Dinagar and Jivagan [8], suggested an interval
approximation of fuzzy numbers. In [9] Stephen Dinagar and Jivagan,
investigated the solution of transportation problems using value-ambiguity
interval approximation of fuzzy numbers.

The main purpose of this article is the use of value-ambiguity interval
approximation of a fuzzy number as a new distance function of a fuzzy number.
This ranking method possesses several good characteristics and advantages as
compared to other existing ranking methods.

The rest of the paper is organized as follows: In section 2 we give the
preliminaries and definitions needed for this work. In section 3, the definition of
value ambiguity interval approximation and its related properties are included.

The concluding remarks are presented in the last section.

2. Preliminaries

2.1. Fuzzy number

A fuzzy subset A of the real line R with membership function

45 : R —[0,1] is called a fuzzy number if:
@) A is normal, i.e. there exists X in R with p;(x0=1

(i1) A is fuzzy convex, i.e. (Ax, +(1-4Ax,)) 2 iz () A g5 (xy)

Vx,,x, € Rand A €[0,1]

(iii) 4; is upper semi continuous and
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(iv) The support of A is bounded

2.2. a-Cut
An a - cut of a fuzzy set A is a crisp set A that contains all the elements of the

universal set X that have a membership grade in A greater than or equal to the
specified value of a. Thus, Zla = {x eX:pu;(x)2a0<x< 1}

2.3. a-Cuts for different fuzzy numbers

o — Cut or interval of confidence:

For Triangular fuzzy number [q, +(a, —a,)a,a, +(a, —a,)a]

For Trapezoidal fuzzy number [q, +(a, —a,)a,a, +(a, —a;)a]

2.4. Close interval approximation of triangular fuzzy numbers

An interval approximation [a’,a’ ] of fuzzy number Approximation [A] is said

to be a close interval approximation if

a, =inf{xe A/ u,(x)>0.5) =“‘+T“2
a, ={xeAlp,(x)=1}
a, =Sup{xe Al u,(x)=0.5} :%

2.5. Close interval approximation of trapezoidal fuzzy numbers
An interval Approximation [a’,a’ ] of fuzzy number Approximation [A] is said

to be close interval Approximation if

a, =inf{xe A/ 4, (x)>0.5) =“‘+T“2
a, =inf{xe Al u,(x)=1}
a, =Sup{xe Al u,(x)=1}
a, =Sup{xe Al u,(x)=0.5} :WTQ“

2.6. Zero fuzzy number
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The zero fuzzy number, whose both lower and upper bounds of « —cuts (0<a<1)

are 0 is denoted by 0
2.7. Value of a fuzzy number [1]
Let A be a fuzzy number with a-cut representation (4 (@) Ay(@)), then the value
of A is defined as
1
Val(A) = I aldy @+ A, @lda

2.8. Ambiguity of a fuzzy number [1]
Let A be a fuzzy number with a-cut representation (Ar(@)Ay(@)), then the

ambiguity of A is defined as

1
Amb(A) = J; aldy (o) — Ay @lda

3. Value-ambiguity interval approximation (VAIA) of
fuzzy number [17]

An interval approximation operator Va is defined as Va: F(R) — F'®) in a way

1
~ < - - Tee(A] )
that Va: A—Vi(A)=[a",a* ], where @~ = ZJ; (4l (@)da

oo = o] TeATo(@))aa

and

Then the operator Va is called a value-ambiguity interval approximation operator,

Also the interval [a™.a'+ ] is called the value — ambiguity interval
approximation of A.

3.1. Definition

Let F be a set of all fuzzy numbers. For A, B € F.We define the value-Ambiguity

interval distance (VAID) of Aand B as follows:
~ ~ 1
D(A,B)= ch +a"-b —-b"

3.2. Results
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The Value-Ambiguity Interval Distance of a fuzzy number is the corresponding

defuzzified real number.

(i) For the Triangular fuzzy number A = (a,,a,,a,) of Value-Ambiguity is

Vi(A)=[a™-. a" + ]:[al + 24, , 2a, +a3]

3 3

- D(A,0) = %‘a +at—-b —b"

1lia, +2a, +2a2+a3|
2| 3 3|

1a1+4a2+a3| :>|a1+4a2+a3|
20 3 | T 6|

which is the defuzzified real number of the Triangular fuzzy number.
(i) For the Trapezoidal fuzzy number A = (a,,a,,a,,a,)and its Value-

Ambiguity we have

I-'i[li): [&‘—, af + ]=[a1 + 2612 ’ 2613 +a,

3 3

.. D(A,0) = %‘a +a"—-b —-b"

_ l|a1 +2a, Jr2a3 +a4|
2| 3 3

_ |a1+2(a2+a3)+a4|
6

which is the defuzzified real number of the Trapezoidal fuzzy number.

Remark:
Notice that D(A, B) = D(A,0) — D(B.0)
3.3. Definition

For A,B € F , define the ranking of A, B by :
(i) D(A,B) > 0iff D(A,0) = D(B,0)iff B<A

(i) D(A,B) =0iff D(A,0) = D(B,0)iff B~ A
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3.4. Examples
(i) Consider two Triangular fuzzy numbers A= (1,2,3) and B= (5,7,9)

D(A,B) = %a+a+—b—b+

1la,+2a, | 2a,+a, _(bl +2b2j_(2b2 +b3j

2| 3 3 3 3
_1[1+29)+2+3  5-2(1)-2(1) -9
2| 3 3 |
=l‘2—£ :1|—10|=5>0

213 3 2

— B<Aand D(A,0)= D(B,0).

(i1) Consider two Trapezoidal fuzzy numbers A= (2,4,6,8) and B = (1,3,7,9)

.1
D(A,B) = 5‘a‘+a+—b‘—b+

_ 1la, +2a, | 2a,+a, _(bl +2b2j_(2b2 +b4j

2| 3 3 3 3
_1[1+2010)+8 1-2(10) -9 :l‘ﬂ_ﬂ _o
2| 3 3 | 2|3 3

= D(A,0)> D(B,0)and A~ B .
3.5. Proposition:

Let A,E e F, then:

G) If A=§,then A~B

(i1)If A < B, and %[a+a]£%[b+b] Then A< B

~ o~ I, 1. 1r-  _ ~ o~
(i) If Bc A, and E[b +b ]Sa[a +a ]Then B<A

Proof:
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1) If A = B, Then for each « € [0,1], their a-cuts of (VAID)

1S =

3 3

a i W t2a, b +2b, and

o+ i @3 t2a, by +2Db,

is = 3 which @ =b " and a*=b~*

3
Therefore D(Z,E) =0=>A~B

(i1) and (iii) are obvious.

Remark:

If A~B , 1t is not necessary that A=B therefore, “~”defined in ordering for

fuzzy sets is not equal to “="" defined for fuzzy sets.

3.6. Proposition:

For ;\,I;.@ e I we have:
(i) D(A,B)=-D(B.A)

i) D(4,B)+ p(B.C)= D(A.C)

(i) A~ Biff B~ A
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~

(ivyA~B,B~C= D[4 B)=0 and D(B,C)=0 from (i),

3.7. Proposition:

In F, the relations “[”” and “=” satisfy the three axioms for the ordered relations,

for any A,E,@ eF

(i) Reflexive, A<A

(i1) Anti Symmetric law, A<B

oo
IA
0
Y
0
Q
oo

(iii) Transitive law, A <

oo
oo
IA
™
U
1
Q
™

Proof:

(1) It follows from the definition.

,D(A,E)Z 0O and D(E,A)S 0 therefore

oo
IA
>0

(ii) Since A < B and

l

~

ZorAzB.

oo
Q

D( ,Z):O:

(i11)Since A<Band B< 6, therefore D(E,Z)Z 0and D(@,E)Z 0 by
property
p(C.A)=D(C.B)+D(B,A)=0+0
—A<C

3.8. Definition

~ ~

Forﬁ,é,@ e F,let d(A,E = D(A,E) we calld(A,E), the distance between A

andB . Then,if A,B,CeF
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d(A,B)+d(B.C)> d(4,¢)
Proof:

d(A.B)+d(B.C)=D(4,B)+ D(B.C)

4. Some More Properties
4.1. Theorem

The relations < and = satisfy the law of trichotomy in F.

Proof:

For any ABeF, by previous definition (3.8), and the property of linear order
relation on R, the law of trichotomy holds.

D(;\,E)> 0 or D(A,§)= 0

. B<AOrA=~B also holds.

4.2. Proposition

For f~1,l§ eF
@) ABB=la +b.a" +b"]
(i) A)B=la -b'.a" —b]
GWIf & = 0.k(o)A = [ka.ka"]
W) If k= 0.k(0)A =|ka" ka" |

4.3. Example
Consider two trapezoidal fuzzy numbers A= (2,4,6,8) and B = (1,3,7,9)

i AnB=||4Z 2a, b —2b, ||a,+2a; b,—2b
3 3 ’ 3 3
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_ [2+8+1—6_ _8+12+9—14} {Q_gﬂg_i} FE}
L 3 3l 3 3 3 313 3 3’3
o~ (la+2a, (b,=2b,\|[a,+2a, (b -2b,

R ( 3 j}{ 3 [ 3 jD
- [&z} {@g} :[E E}
3 313 3 373

Gii) If k=2-0 k(o)A = [ka",ka" | = (2[“1 +32"2 },2[‘14 +32a3 D

SR
3 3 373
(iv) If k=-2<0_ k(o o)A = { ;O _320}

4.4. Theorem
For A, E, 6‘, DeF and k any scalar w3e have:

() Dlk(e)A, k(e)B)=kD(A, B), k #0
(i) D(A(+)B,C(+)D)=D(4,C)+ D(B.D)
= D(4.0)+ D(8.6)- D(C.0)- D(D.6)

~ ~

(iii) D(A(-)B,C(-)D)= D(4,C)- D(B. D)= D4, B)- D(C, D)

- p(A,0)+ p(B.,0)- D(8,6)- D(E0)

[e»]]

Proof:
() If k = Othen k(o)A = |ka,ka" |and k()B = |kb~, kb" |

Now
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Dlk(0) A, k()5 )= %‘ka vka' —kb —kb'|

:%k‘a +a"—b" —b+‘ = kD(A, B)

A®B=la +b.a" —b"] and CHD=|c +d .c" —d"]

Now, D(A(+)§,6(+)5)=%‘a‘ tb va b e —d ¢t —d|

=l‘a_ +a —c —c+‘+%‘b_ +b" —d” —d+‘
= D(A,¢)+D(B.D)

:l‘a’ +a —d” —d+‘+%‘b +b" —c” —c*‘
- D(A,B)+ D(B,C)

D(4,0)+ D(B.0)- D(C,0)- D(D,0)
- p(A,0)+ D(B,0)- D(C,0)- D(D,0)

(i) AO)B=[a-b".a* b |.C)D=|c-d".c"-a]

Now, D(A(—)E,é(—)ﬁ):%‘a_ b va b —c +d et +d|
zl‘a’ +a"—c —c'+d +d" -b —b*‘
:l‘a’ +a" —c —c*‘—%‘b +b" —d” —d*‘
- D(4.¢)-D(B.D)
Also LHS :l‘a’+a+—b’—b+‘—l‘c’—c+—d’—d*‘
2 2

- D(A,B)-D(C.D)
= D(4,0)+ D(B.,0)- D(B.0)- DIC,0)
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4.5. Theorem
Let E,E,C‘,ﬁ e F Then:

() If B < A,then B(+)C < A(+)C
(i) If C <A,and D < Bthen C(+)D < A(+)B
(ii)If A<C, B <D,then A(-)D <C(-)B and B(-)C < D(-)A

Proof:
(1) We have

D(A()C,B(+)C)=D(A,B)+ D(C.C)-0, since D(C,)=0, and

B<A p(4,B)-0
= B(+)C < A(+)C
(i) We have
D(A)B,C(+)D)= D(A.C)+ D(B.D)~ o,
Since € <A=> D(A,€)~0and B < B = D(B,D)-0
= (C+)D < A(+)B)
(iii)We have
D(A(-)C.B(-)C)=D(A,B)-D(C.C)-0, since D(C,C)=0, and
B<A=D(AE)-0
= B(-)C < A(-)C

GVIf = A<C,B<D
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~D(4.¢)=D(C.A)~0and - D(B.D)=D(D.B)-0
We have
D(C(-)B,A(-)D)= D(C,A)- D(B,D) > 0
= (A-)D)<(C(-)B)

Also,

D(B(-)A,B(-)C)=D(D,B)- D[4, )> 0
= (B(-)C)<(D()A)
4.6. Examples
LetA = (1,2,3,4), B = (2,4,6,8),C =(2,5,7,10), D = (3,6,9,12) be trapezoidal fuzzy
numbers.

The Value-Ambiguity Interval Distance of fuzzy numbers are:

D(AA)::—‘G vat—b —b :l|a1+2a2+a4+2a3|:§
’ 2| 3 3 | 6
D(~,6)=5,D(~,6)=6,D(~,())=g

A<B<C~<D

Then o-cuts of fuzzy numbers are ;la = (al +(a, —a))a,a, —(a, —a3)a)
A(a)=1+a; Aj(a)=4-«

B, (a)=2+2a; B,(ax)=8-2a

C, (a)=2+3a; C,(a)=10-3a

D, (a)=3+3a; D,(a)=12-3a

The Value-Ambiguity Interval Approximation of Trapezoidal fuzzy numbers are:

Fo(300) 5 (026 - @) = Ga0)

33 3 3
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Now, A(+)B =(3,6,9,12)

C(+)D =(5,1116,22)

D(A(+)§, 6(+)5)= l‘(a +b) +(a+b)

1|3+2(6) 12+2(9) (5+2(ll)j_(22+2(16)j
2| 3 3 3 3

1‘15 30 81‘ 1‘ 36
————— =

R 1
213 3 3 2] 3 0 )
D(A 6‘):—‘41 +a"—c —c’ :l‘é E—4—8‘
2|3 3
‘——12‘ —|5 12|=Z
2
(2)

(B, D)= ‘b +b* —d” —d*|=

‘9 20 5. 10‘ :%|10—15|=—

3)

D(Z,ﬁ):%‘a_+a+—d_—d+ =%E ?—5 10‘ 5

D(B.C)= %‘b ib'—c -

‘2 Doy

%)
Using (1) to (5), we have

D(A(+)B,C+)D)= D(4,C)+ D(B,D)=D(A, D)+ D(B,C)
Also,

A(-)B =(-7,-4,-12)

C(-)D =(-10,-4,1,7)

D(A(-)B,C(-)D)= %‘(a—b) ta-b) —(c-d) —(c—d)*
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1 —7+2(—4)+2+2(—1)_(—10+2(—4)j_(7+2(1)j
2 3 3 3 3

)
2] 3 3 3 3

Now, D(A,C‘)— D(§,5)=%—% =1

(7)

Also
D(A,B)= ‘——5‘ >
2
(e.5)- 104
Now, D(A,E)— p(C, 13):% (8)

From (6), (7) and (8)

p(A(-)B.C(-)D)= D(4,¢)-D(B.D)=D(A,B)- D(C, D)
Hence proved.

4.7. Example

We shall now compare the fuzzy numbers such as triangular (A)and trapezoidal

(E) using the earlier notion (see Figure 1)

A= (2,4,6) and B = (3,4,6,7) by using our method, we have the following results.

D(A.0)= %‘a eat b bl % Ial +32a2 Lt 2a2|

_12+8 8+6|_1[10 14| ‘
23 3|
D(§,6)= %‘a_ +a -b —b" =% a, +32a2 + a, + 2a3|

1 3+8+7+12 1 11
2] 3 3
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By the definition, B~ A.

1.0
0.8
0.6
0.4

0.2

Figure 1: Comparison of fuzzy numbers

5. Conclusion
In this article we proposed the ranking of approximation of fuzzy numbers using

the notion of ‘Value-Ambiguity interval distance’ of fuzzy numbers. Some
important results and properties related to the above notion are derived. A distinct
ranking method has been proposed with the aid of the above notion, which gives

both the distance and ranking between fuzzy numbers.

References

[1] .Delgado.M, Vila.M.A, Voxman.W, On the canonical representation of fuzzy
numbers. Fuzzy sets and Systems, 93, 125-135, 1998.

[2]. Gonzalez, A., A study of the ranking function approach through mean values.
Fuzzy sets and Systems, 35, 29-41, 1991.

[3].Grzegorzewski. P, Trapezoidal approximations of fuzzy numbers with
restrictions on the support and core, EUSFLAT-LFA, Aix-Les-Bairs, France, 2011.

[4].Grzegorzewski.P, New algorithms for trapezoidal approximations of fuzzy

numbers preserving the expected interval. Proceedings of IPMU, pp.117-123,
2008.

52



A Method of Ranking Fuzzy Numbers Using.......

[5].Kaufmann, A. & Gupta, M.M., Introduction to fuzzy arithmetic theory and
applications, Van Nostrand, New York, 1991.

[6].Nagoorgani, A. & Stephen Dinagar, D., A new representation of piecewise
quadratic fuzzy number using close interval approximations. Bull. Pure Appl. Sci.,
23E, 225-233, 2004.

[7].Saade, J. & Schwarzlander, H. Ordering fuzzy sets over the real time an
approach based on decision making under uncertainty. Fuzzy Sets and Sysems,50,
237-246,1992.

[8].Stephen Dinagar, D. & Jivagan, K., A note on interval approximation of fuzzy
numbers, Proceedings of the international conference on mathematical methods
and computation, ICOMAC, 2014.

[9].Stephen Dinagar, D. & Jivagan ,K. Solving Transportation Problems using
Value-Ambiguity interval Approximations of fuzzy numbers, International

Journal of Recent Development in Engineering and Technology, 2(5), 2014.

[10] Yager, R.R. A procedure for ordering fuzzy subsets of the unit interval,
Inform. Sci., 24, 143-161, 1981.

53



