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Abstract 
 
A new distance measure called ‘Value-Ambiguity interval distance’ associated 

with approximations of fuzzy numbers is proposed. A distinct approach for 

ranking fuzzy numbers with the aid of this measure is introduced. Also some 

more results related on properties of ordering using this measure are obtained. 

Relevant numerical illustrations are also included to justify the proposed notion. 
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1. Introduction 
 

In many applications, ranking of fuzzy numbers is an important component of the 

decision process. In addition to a fuzzy environment, ranking is a very important 

decision making procedure. 

In [1], Delgado et al. described the canonical representation of fuzzy numbers. 

Kaufmann and Gupta [5] introduced the fuzzy arithmetic theory and applications. 

In [2] Gonzalez employed the concepts of a study of the ranking function 

approach through mean values. In [7] Saade and Schwarzlander,  evaluated 

ordering fuzzy sets over the real time, an approach based on decision making 

under uncertainty. In [10], Yager investigated the procedure for ordering sub sets 

of the unit interval.  
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In [3, 4] Grzegorzewski proposed an approach of trapezoidal approximations of 

fuzzy numbers with restriction on the support and core; he also  studied new 

algorithms for trapezoidal approximation  of fuzzy numbers preserving the 

expected interval. In [6] Nagoorgani and Stephen Dinagar  studied a new 

representation of piecewise quadratic fuzzy number using close interval 

approximations. Stephen Dinagar and Jivagan [8], suggested an interval 

approximation of fuzzy numbers.  In [9] Stephen Dinagar and Jivagan, 

investigated the solution of transportation problems using value-ambiguity 

interval approximation of fuzzy numbers.  

The main purpose of this article is the use of value-ambiguity interval 

approximation of a fuzzy number as a new distance function of a fuzzy number.  

This ranking method possesses several good characteristics and advantages as 

compared to other existing ranking methods. 

The rest of the paper is organized as follows: In section 2 we give the 

preliminaries and definitions needed for this work. In section 3, the definition of 

value ambiguity interval approximation and its related properties are included. 

The concluding remarks are presented in the last section.  

 

2. Preliminaries  
 

2.1. Fuzzy number 

A fuzzy subset A
~

 of the real line R with membership function 

]1,0[:~ →R
A

µ  is called a fuzzy number if: 

(i)  A
~

 is normal, i.e. there exists x in R with ( 0 1
A

xµ =
ɶ

 

(ii)  A
~

 is fuzzy convex, i.e. )()())1(( 2~1~21~ xxxx
AAA

µµλλµ ∧≥−+

 Rxx ∈∀ 21 , and ]1,0[∈λ  

(iii)  
A
~µ  is upper semi continuous and  
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(iv)  The support of A
~

 is bounded  

2.2. α-Cut 

An α  – cut of a fuzzy set A is a crisp set A that contains all the elements of the 

universal set X that have a membership grade in A greater than or equal to the 

specified value of α. Thus, αA
~ { }10,)(: ~ ≤≤≥∈= xxXx

A
αµ  

2.3. α-Cuts for different fuzzy numbers 
−α Cut or interval of confidence: 

For Triangular fuzzy number ])(,)([ 233121 αα aaaaaa −+−+  

For Trapezoidal fuzzy number ])(,)([ 344121 αα aaaaaa −+−+  

2.4. Close interval approximation of triangular fuzzy numbers 

An interval approximation ],[ UL
aa αα  of fuzzy number Approximation ]

~
[A  is said 

to be a close interval approximation if  

2
}5.0)(/inf{ 21

1

aa
xAxa A

+
=≥∈= µ  

 }1)(/{2 =∈= xAxa Aµ  

2
}5.0)(/{ 23

3

aa
xAxSupa A

+
=≥∈= µ  

2.5. Close interval approximation of trapezoidal fuzzy numbers 

An interval Approximation ],[ UL
aa αα  of fuzzy number Approximation ]

~
[A  is said 

to be close interval Approximation if  

2
}5.0)(/inf{ 21

1

aa
xAxa A

+
=≥∈= µ  

 }1)(/inf{2 =∈= xAxa Aµ  

}1)(/{3 =∈= xAxSupa Aµ  

2
}5.0)(/{ 43

4

aa
xAxSupa A

+
=≥∈= µ  

2.6. Zero fuzzy number 
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The zero fuzzy number, whose both lower and upper bounds of   −α cuts (0≤α≤1) 

are 0 is denoted by 0̂ . 

2.7. Value of a fuzzy number [1] 

Let Ã be a fuzzy number with α-cut representation ( ), then the value 

of Ã is defined as     

 

2.8. Ambiguity of a fuzzy number [1] 

Let Ã be a fuzzy number with α-cut representation ( ), then the 

ambiguity of Ã is defined as 

 

 

3. Value-ambiguity interval approximation (VAIA) of   

     fuzzy number    [17] 
 
An interval approximation operator   is defined as F(R) →  in a way 

that Ã→ = [ ], where = 2  

and 2  

Then the operator is called a value-ambiguity interval approximation operator, 

Also the interval ] is called the value – ambiguity interval 

approximation of Ã. 

3.1. Definition  

Let F be a set of all fuzzy numbers. For .
~

,
~

FBA ∈ We define the value-Ambiguity 

interval distance (VAID) of A
~

and B
~

as follows: 

D ( BA
~

,
~

) = +−+− −−+ bbaa
2

1
 

3.2. Results 
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The Value-Ambiguity Interval Distance of a fuzzy number is the corresponding 

defuzzified real number. 

(i) For the Triangular fuzzy number   ),,(
~

321 aaaA = of Value-Ambiguity is   

 = ]= ]
3

2
,

3

2
[ 3221 aaaa ++

 

∴ =)0̂,
~

(AD
+−+− −−+ bbaa

2

1
 

     = 
3

2

3

2

2

1 3221 aaaa +
+

+
 

     = 
3

4

2

1 321 aaa ++
   

6

4 321 aaa ++
⇒  

 which is  the defuzzified real number of the Triangular fuzzy number. 

(ii) For the Trapezoidal fuzzy number   ),,,(
~

4321 aaaaA = and its Value-

Ambiguity we have 

= ]= ]
3

2
,

3

2
[ 4321 aaaa ++

 

∴ =)0̂,
~

(AD
+−+− −−+ bbaa

2

1
 

              = 
3

2

3

2

2

1 4321 aaaa +
+

+
 

               =  
6

)(2 4321 aaaa +++

 

which is the defuzzified real number of the Trapezoidal fuzzy number. 

Remark: 

Notice that )
~

,
~

( BAD = )0̂,
~

()0̂,
~

( BDAD −  

3.3. Definition 

For FBA ∈
~

,
~

, define the ranking of BA
~

,
~

by : 

(i) 0)
~

,
~

( ≻BAD iff )0̂,
~

()0̂,
~

( BDAD ≻ iff AB
~~
≺  

(ii) 0)
~

,
~

( =BAD iff )0̂,
~

()0̂,
~

( BDAD ≻ iff AB
~~

≈  
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3.4. Examples 

(i) Consider two Triangular fuzzy numbers )3,2,1(
~

=A  and  )9,7,5(
~

=B  

=)
~

,
~

( BAD  +−+− −−+ bbaa
2

1
 

            = 






 +
−







 +
−

+
+

+
3

2

3

2

3

2

3

2

2

1 32213221 bbbbaaaa
 

             
3

9)7(2)7(25

3

3)2(2)2(21

2

1 −−−
−

+++
=  

       
3

42

3

12

2

1
−=

   
0510

2

1
≻=−⇒  

             AB
~~
≺⇒ and )0̂,

~
()0̂,

~
( BDAD ≻ . 

(ii) Consider two Trapezoidal fuzzy numbers )8,6,4,2(
~

=A  and  )9,7,3,1(
~

=B  

 =)
~

,
~

( BAD  +−+− −−+ bbaa
2

1
 

   = 






 +
−







 +
−

+
+

+

3

2

3

2

3

2

3

2

2

1 42214321 bbbbaaaa
 

             
3

9)10(21

3

8)10(21

2

1 −−
−

++
=   

3

30

3

30

2

1
−⇒ 0=  

              ⇒ )0̂,
~

()0̂,
~

( BDAD ≻ and BA
~~

≈ . 

3.5. Proposition: 

Let ,
~

,
~

FBA ∈  then: 

(i) If ,
~~
BA = then BA

~~
≈  

(ii) If ,
~~
BA ⊂ and [ ] [ ]−−−− +≤+ bbaa

2

1

2

1
 Then BA

~~
≺  

(iii) If ,
~~
AB ⊂ and [ ] [ ]−−−− +≤+ aabb

2

1

2

1
 Then AB

~~
≺  

Proof: 
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(i) If ,
~~
BA = Then for each ]1,0[∈α , their α-cuts of (VAID)  

 is =
+
3

2 21 aa
 

3

2 21 bb +
 and 

                 is =
+

3

2 23 aa
 

3

2 23 bb +
 which and =  

Therefore BABAD
~~

0)
~

,
~

( ≈⇒=  

(ii) and (iii) are obvious. 

Remark: 

 If BA
~~

≈ , it is not necessary that BA
~~

= therefore, “ ≈”defined in ordering for 

fuzzy sets is not equal to “=” defined for fuzzy sets. 
3.6. Proposition: 

For FCBA ∈
~

.
~

,
~

 we have: 

(i) ( ) ( )ABDBAD
~

,
~~

,
~

−=  

(ii) ( ) ( ) ( )CADCBDBAD
~

,
~~

,
~~

,
~

=+  

(iii) BA
~~

≈ iff AB
~~

≈  

(iv) BA
~~

≈ , CAAB
~~~~

≈⇒≈ . 

Proof: 

(i) It follows from the definition 

(ii) ( ) ( ) ( ) ( ) ( ) ( )0̂,
~

0̂,
~

0̂,
~

0̂,
~~

,
~~

,
~

CDBDBDADCBDBAD −+−=+                     

( ) ( ) ( )CADCDAD
~

,
~

0̂,
~

0̂,
~

⇒−=  

(iii) ⇔≈ BA
~~ ( ) ( )ABDBAD

~
,

~
0

~
,

~
−==  

          ,
~~
AB ≈⇔  by (i) 
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(iv) BA
~~

≈ , ⇒≈ CB
~~ ( ) 0

~
,

~
=BAD  and ( ) 0

~
,

~
=CBD  from (ii), 

( ) ( ) ( )CADCBDBAD
~

,
~~

,
~~

,
~

=+  

              ( )CAD
~

,
~

00 =+⇒  

              CA
~~

≈⇒ . 

3.7. Proposition: 

In F, the relations “�” and “≈” satisfy the three axioms for the ordered relations, 

for any FCBA ∈
~

,
~

,
~

 

(i) Reflexive , AA
~~

≤  

(ii) Anti Symmetric law, BAABBA
~~~~

,
~~

≈⇒≤≤  

(iii)Transitive law, CACBBA
~~~~

,
~~

≈⇒≤≤ . 

Proof: 

(i) It follows from the definition. 

(ii) Since BA
~~

≤ and AB
~~

≤ , ( ) 0
~

,
~

≥BAD and ( ) 0
~

,
~

≤ABD therefore 

( ) ABABD
~~

0
~

,
~

≈⇒=  or BA
~~

≈ . 

(iii)Since BA
~~

≤ and ,
~~
CB ≤  therefore ( ) 0

~
,

~
≥ABD and ( ) 0

~
,

~
≥BCD  by 

property    

( ) ( ) ( ) 00
~

,
~~

,
~~

,
~

+≥+= ABDBCDACD  

           CA
~~

≤⇒  

3.8. Definition  

For FCBA ∈
~

,
~

,
~

, let ( ) ( )BADBAd
~

,
~~

,
~

=  we call ( )BAd
~

,
~

, the distance between A
~

 

and B
~

. Then , if FCBA ∈
~

,
~

,
~
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( ) ( ) ( )CAdCBdBAd
~

,
~~

,
~~

,
~

≥+  

Proof: 

( ) ( )=+ CBdBAd
~

,
~~

,
~ ( ) ( )CBDBAD

~
,

~~
,

~
+  

      ( )CAD
~

,
~

=  

      ( )CAd
~

,
~

=  

4. Some More Properties 

4.1. Theorem 

The relations ≺  and ≈  satisfy the law of trichotomy in F. 

Proof: 

For any FBA ∈
~

,
~

, by previous definition (3.8), and the property of linear order 

relation on R, the law of trichotomy holds. 

( ) 0
~

,
~

≻BAD   or   ( ) 0
~

,
~

=BAD  

AB
~~
≺∴ Or BA

~~
≈  also holds. 

4.2. Proposition 

For FBA ∈
~

,
~

 

(i) [ ]++−− ++=+ babaBA ,
~

)(
~

 

     (ii)     [ ]−++− −−=− babaBA ,
~

)(
~

 

(iv) If  [ ]+−= kakaAkk ,
~

)(,0 �≻  

(v) If  [ ]−+= kakaAkk ,
~

)(,0 �≻  

4.3. Example 

Consider two trapezoidal fuzzy numbers ( )8,6,4,2
~

=A  and ( )9,7,3,1
~

=B  

(i) 












 −
+

+





 −
+

+
=+

3

2

3

2
,

3

2

3

2~
)(

~ 34342121 bbaabbaa
BA  
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












 −
+

+





 −
+

+
=

3

149

3

128
,

3

61

3

82













 −




 −=
3

5

3

20
,

3

5

3

10





=
3

15
,

3

5
 

(ii) 






















 −
−

+















 −
−

+
=−

3

2

3

2
,

3

2

3

2~
)(

~ 21343421 bbaabbaa
BA  














 +




 +=
3

5

3

20
,

3

5

3

10





=
3

25
,

3

15
 

(iii)  If 02 ≻=k , =Ak
~

)(� [ ]+− kaka , 












 +





 +
=

3

2
2,

3

2
2 3421 aaaa

 

  



















=
3

20
2,

3

10
2 




⇒
3

40
,

3

20
 

(iv)   If 02 ≺−=k , =Ak
~

)(� 




 −−
3

20
,

3

40
 

4.4. Theorem 

For FDCBA ∈
~

,
~

,
~

,
~

 and k any scalar w3e have: 

(i) ( ) 0),
~

,
~

(
~

)(,
~

)( ≠= kBAkDBkAkD ��  

(ii) ( ) ( ) ( )DBDCADDCBAD
~

,
~~

,
~~

)(
~

,
~

)(
~

+=++

( ) ( ) ( ) ( )0̂,
~

0̂,
~

0̂,
~

0̂,
~

DDCDBDAD −−+=  

(iii) ( ) ( ) ( )DBDCADDCBAD
~

,
~~

,
~~

)(
~

,
~

)(
~

−=−− ( ) ( )DCDBAD
~

,
~~

,
~

−=  

     ( ) ( ) ( ) ( )0̂,
~

0̂,
~

0̂,
~

0̂,
~

CDBDDDAD −−+=  

Proof: 

(i)  If 0≻k then =Ak
~

)(� [ ]+− kaka , and =Bk
~

)(� [ ]+− kbkb ,  

     Now 
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( ) +−+− −−+= kbkbkakaBkAkD

2

1~
)(,

~
)( ��  

      +−+− −−+= bbaak
2

1
)

~
,

~
( BAkD=  

 

[ ]++−− −+=+ babaBA ,
~

)(
~

 and [ ]++−− −+=+ dcdcDC ,
~

)(
~

 

Now, ( ) ++−−++−− −−−−+++=++ dcdcbabaDCBAD
2

1~
)(

~
,

~
)(

~
 

               +−+−+−+− −−++−−+= ddbbccaa
2

1

2

1
 

                         ( ) ( )DBDCAD
~

,
~~

,
~

+=  

               +−+−+−+− −−++−−+= ccbbddaa
2

1

2

1
 

      ( ) ( )CBDDAD
~

,
~~

,
~

+=  

                          ( ) ( ) ( ) ( )0̂,
~

0̂,
~

0̂,
~

0̂,
~

DDCDBDAD −−+=   

                          ( ) ( ) ( ) ( )0̂,
~

0̂,
~

0̂,
~

0̂,
~

DDCDBDAD −−+=    

(ii)   [ ]−++− −−=− babaBA ,
~

)(
~

, [ ]−++− −−=− dcdcDC ,
~

)(
~

      

      Now, ( ) −++−−++− +−+−−+−=−− dcdcbabaDCBAD
2

1~
)(

~
,

~
)(

~
 

                            +−+−+−+− −−++−−+= bbddccaa
2

1
 

         +−+−+−+− −−+−−−+= ddbbccaa
2

1

2

1
 

         ( ) ( )DBDCAD
~

,
~~

,
~

−=  

      Also LHS      +−+−+−+− −−−−−−+= ddccbbaa
2

1

2

1
 

                            ( ) ( )DCDBAD
~

,
~~

,
~

−=  

                            ( ) ( ) ( ) ( )0̂,
~

0̂,
~

0̂,
~

0̂,
~

CDBDDDAD −−+=  
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4.5. Theorem 

Let FDCBA ∈
~

,
~

,
~

,
~

 Then: 

(i) If ,
~~
AB ≺ then CACB

~
)(

~~
)(

~
++ ≺  

(ii) If ,
~~
AC ≺ and  BD

~~
≺ then BADC

~
)(

~~
)(

~
++ ≺  

(iii)If ,
~~
CA ≺ ,

~~
DB ≺ then BCDA

~
)(

~~
)(

~
−− ≺ and ADCB

~
)(

~~
)(

~
−− ≺  

Proof: 

(i) We have 

( ) ( ) ( ) 0
~

,
~~

,
~~

)(
~

,
~

)(
~

≻CCDBADCBCAD +=++ , since ( ) 0
~

,
~

=CCD , and 

,
~~
AB ≺ ( ) 0

~
,

~
≻BAD  

CACB
~

)(
~~

)(
~

++⇒ ≺  

(ii) We have  

( )=++ DCBAD
~

)(
~

,
~

)(
~ ( ) ( ) ,0

~
,

~~
,

~
≻DBDCAD +  

Since ⇒AC
~~
≺ ( ) 0

~
,

~
≻CAD and ( ) 0

~
,

~~~
≻≺ DBDBD ⇒  

( )BADC
~

)(
~~

)(
~

++⇒ ≺  

(iii)We have  

( ) ( ) ( ) 0
~

,
~~

,
~~

)(
~

,
~

)(
~

≻CCDBADCBCAD −=−− , since ( ) 0
~

,
~

=CCD , and 

AB
~~
≺ ( ) 0

~
,

~
≻BAD⇒  

CACB
~

)(
~~

)(
~

−−⇒ ≺  

(iv) If DBCA
~~

,
~~
≺≺⇒  
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( ) ( ) 0
~

,
~~

,
~

≻ACDCAD =− and ( ) ( ) 0
~

,
~~

,
~

≻BDDDBD =−  

We have 

( ) 0)
~

,
~

()
~

,
~

(
~

)(
~

,
~

)(
~

≻DBDACDDABCD −=−−  

⇒ ( ) ( )BCDA
~

)(
~~

)(
~

−− ≺  

Also, 

    ( ) ( ) ( ) 0
~

,
~~

,
~~

)(
~

,
~

)(
~

≻CADBDDCBADD −=−−  

              ( ) ( )ADCB
~

)(
~~

)(
~

−−⇒ ≺  

4.6. Examples 

Let )4,3,2,1(
~

=A , )8,6,4,2(
~

=B , )10,7,5,2(
~

=C , )12,9,6,3(
~

=D be trapezoidal fuzzy 

numbers. 

The Value-Ambiguity Interval Distance of fuzzy numbers are: 

( )=0̂,
~
AD

6

15

3

2

3

2

2

1

2

1 3421 =
+

+
+

=−−+= +−+− aaaa
bbaa  

( ) 50̂,
~

=BD , ( ) 60̂,
~

=CD , ( )
2

15
0̂,

~
=DD  

∴ ( ) ( ) ( ) ( )0̂,
~

0̂,
~

0̂,
~

0̂,
~

ADBDCDDD ≻≻≻  

DCBA
~~~~
≺≺≺  

Then α-cuts of fuzzy numbers are ( )ααα )(,)(
~

344121 aaaaaaA −−−+=  

αα +=1)(LA ;   αα −= 4)(UA  

αα 22)( +=LB ;  αα 28)( −=UB  

αα 32)( +=LC ;  αα 310)( −=UC  

αα 33)( +=LD ;  αα 312)( −=UD  

The Value-Ambiguity Interval Approximation of Trapezoidal fuzzy numbers are: 
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Now, ( )12,9,6,3
~
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~
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
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

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+
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2
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=−⇒                          (1) 
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~
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5
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7
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2
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3
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,

~
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2

1
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Using (1) to (5), we have  
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Also, 
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       

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
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




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−
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9
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3

0
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2
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



−




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Now, ( ) ( ) 1
2

5

2
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,

~~
,

~
=−=− DBDCAD                   

(7) 

Also 

( )=BAD
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,
~

2

5
5

6
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2

1
=−  

( )=DCD
~

,
~

2

3

3
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3
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2

1
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Now, ( )−BAD
~

,
~ ( )

2

1~
,

~
=DCD              (8) 

From (6), (7) and (8) 
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~

)(
~

,
~

)(
~ ( ) ( )DBDCAD

~
,

~~
,

~
− ( )−= BAD

~
,

~ ( )DCD
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~

 

Hence proved. 

4.7. Example 

We shall now compare the fuzzy numbers such as triangular )
~

(A and trapezoidal 

)
~

(B using the earlier notion (see Figure 1) 

)6,4,2(
~

=A  and )7,6,4,3(
~

=B  by using our method, we have the following results. 
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By the definition, .
~~
AB ≻  

 

 

 Figure 1: Comparison of fuzzy numbers 

 

5. Conclusion 
In this article we proposed the ranking of approximation of fuzzy numbers using 

the notion of ‘Value-Ambiguity interval distance’ of fuzzy numbers. Some 

important results and properties related to the above notion are derived. A distinct 

ranking method has been proposed with the aid of the above notion, which gives 

both the distance and ranking between fuzzy numbers.     
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